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Abstract
We consider t-designs constructed from codewords in the Goethals code Gm over Z4. Some
new designs are constructed from the support (size 7) of minimum Lee weight codewords for
m=5 and m=7. The parameters of the designs are 3-(25; 7; 105), 3-(25; 7; 7) and 3-(27; 7; 560).
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
A t-(v; k; ) design is a pair (X;B), where X is a v-element set of points and B
is a collection of k-element subsets of X (called blocks) with the property that every
t-element subset of X is contained in exactly  blocks. A design is simple if no two
blocks are identical. Many designs can be constructed from codes over a nite eld
Fq with q elements.
The support of a vector c = (c1; c2; : : : ; cn) is the subset of f1; 2; : : : ; ng given by
f j j cj 6= 0g. From codewords of the same support size k in a code, it may be possible
to construct t-designs with v= n for an integer t. The Assmus{Mattson theorem [1]
gives sucient conditions for the support of the codewords of constant weight in a
code to form a t-design. However, for codes over Z4 (the ring of integers modulo 4)
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no similar theorem has been found. Recently, Harada [4] was able to construct new
5-designs by computer search from the lifted Golay code over Z4. In [6,8], 3-designs are
constructed and proved by using the support of small weight codewords in the Preparata
codes over Z4. In Helleseth and Yang [12], 3-designs are given by the support of the
codewords of each type in the Kerdock codes over Z4. More recently, Duursma et al.
[2] concluded that, in both Preparata codes and Kerdock codes over Z4, codewords
of an arbitrary but xed complete weight yield a 3-design (not necessarily a simple
design).
A linear code C over Z4 with block length n is an additive subgroup of Zn4 . The
Gray map  :Z4 ! Z22 is dened by (0) = 00; (1) = 01; (2) = 11, and (3) = 10.
In general, the binary code dened by C = (C) is a nonlinear binary code of length
2n. Let Rm be a Galois ring of characteristic 4 with 4m elements and Rm be the set of
units of Rm. Then, Rm has a multiplicative cyclic subgroup T = f1; ; : : : ; 2
m−2g of
order 2m − 1, where  2 Rm is an element of order 2m − 1. Let Tm =T [ f0g. Any
element z 2 Rm can be expressed uniquely as z= A+2B for A; B 2Tm. Let  denote
the modulo-2 reduction map. Note that () is a primitive element in the nite eld
F2m with 2m elements, thus (Tm) = F2m (see [3,10] for details).
The Goethals code Gm of length 2m over Z4 is the code over Z4, whose parity-check
matrix is given by
H =
2
664
1 1 1 1    1
0 1  2    2m−2
0 2 23 26    23(2m−2)
3
775 :
In [4], it is shown that if m is odd, then C has minimum Lee distance 8 and its
Gray map Gm =(Gm) gives a (2m+1; 22
m+1−3m−2; 8) binary nonlinear code, which has
the same parameters as the original Goethals code [11]. This Goethals code has four
times as many codewords as the comparable extended triple error-correcting primitive
BCH code.
A vector is denoted to be of the type 1n12n23n30n0 if j occurs nj times, j= 0; 1; 2; 3,
as a component. The codewords of minimum Lee weight in the Goethals code Gm for
any odd integer m are one of the types 1421320n−7 or 1621300n−7 or 240n−4 (or their
negatives) which has support size 7.
In this paper, we construct a 3-(25; 7; 105) design from the support of the codewords
of type 1421320n−7 as well as a 3-(25; 7; 7) design from the support of the codewords
of type 1621300n−7 for m = 5. We further construct a 3-(27; 7; 560) design from the
support (size 7) of the codewords obtained by combining the codewords for m= 7 of
both the types 1421320n−7 and 1621300n−7.
In [9], all the known simple t-designs with t>3 are listed. The parameters of the
simple designs given in this paper are not listed in [9] and, therefore, appear to be
new. Also, the construction of the 3-designs is new.
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2. Preliminaries
Let (cX )X2Tm be a codeword of the Goethals code Gm. Then it must satisfy
X
X2Tm
cX = 0;
X
X2Tm
cX X = 0 and 2
X
X2Tm
cX X 3 = 0: (1)
These relations give the following invariant property of Gm.
Lemma 1 (Hammons et al. [3]). The Goethals code Gm is invariant under the
doubly transitive group of ‘ane’ permutations of the form X ! (AX + B)2m ; where
A; B 2Tm and A 6= 0.
An equation over Rm can be represented as two equivalent equations over F2m .
Lemma 2 (Helleseth and Kumar [5]). Let e=(eX )X2Tm and let Ej = fX j eX = jg for
j = 0; 1; 2; 3. The equation given by
X
X2Tm
eX X = A+ 2B; A; B 2Tm; eX 2 Z4
is equivalent to the two binary equations
a=
X
X2E1[E3
x;
b2 =
X
X2E2[E3
x2 +
X
X;Y2E1[E3
X<Y
xy;
where x; y; a; and b are the modulo-2 reductions of X; Y; A; and B; respectively; and
< is any ordering of the elements in Tm.
The next lemma is used to determine the solvability of a quadratic equation
over F2m .
Lemma 3 (MacWilliams and Sloane [11, p. 278]). Let a (6= 0); b 2 F2m . The quadratic
equation x2 + ax + b= 0 has two roots in F2m if and only if tr(b=a2) = 0.
3. Some 3-designs in the Goethals code Gm over Z4
Theorem 1. The support of the codewords of the type 14 21 32 0n−7 in the Goethals
code G5 over Z4 form a 3-(25; 7; 105) design. The support of the codewords of the
type 16 21 30 0n−7 form a 3-(25; 7; 7) design.
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Table 1
All possible U0; U1; UA for codewords of the type 14 21 32 0n−7
Case U0 U1 UA UX4 UX5 UX6 UX7
1.1 1 1 1 1 3 3 2
1.2 1 1 3 3 1 1 2
1.3 1 3 1 3 1 1 2
1.4 3 1 1 3 1 1 2
1.5 3 3 1 1 1 1 2
1.6 3 1 3 1 1 1 2
1.7 1 3 3 1 1 1 2
2.1 1 1 2 1 3 3 1
2.2 1 2 1 1 3 3 1
2.3 2 1 1 1 3 3 1
3.1 3 3 2 1 1 1 1
3.2 3 2 3 1 1 1 1
3.3 2 3 3 1 1 1 1
4.1 1 3 2 3 1 1 1
4.2 3 1 2 3 1 1 1
4.3 3 2 1 3 1 1 1
4.4 1 2 3 3 1 1 1
4.5 2 1 3 3 1 1 1
4.6 2 3 1 3 1 1 1
Proof. We only consider the codewords in G5 of the type 14 21 32 0n−7 with support
fX1; : : : ; X7gTm. The proof of the other case is similar.
We will show that for any three coordinates X1; X2 and X3 in Tm, there are exactly
the same number, say , of codewords of this type with nonzero support at these
coordinates. Since the Goethals code is invariant under the doubly transitive group of
‘ane’ permutations by Lemma 1, we can assume, without loss of generality, that
the rst two coordinates are X1 = 0 and X2 = 1. Furthermore, the third coordinate is
chosen arbitrarily to be X3 = A 2 Tm n f0; 1g. Let xj = (Xj) and a = (A). Hence,
x1 = 0; x2 = 1 and x3 = a. Let x4 = y. Note that X1; X2; : : : ; X7 are distinct elements of
Tm and 0; 1; a; y; x5; x6; x7 2 F2m are therefore distinct.
Let UXj denote the nonzero codeword element corresponding to the location Xj, for
j=1; 2; : : : ; 7. We will discuss the conditions for a codeword to have this support. For
such a codeword, there are 19 possible ways for the values U0; U1 and UA as listed in
Table 1.
There are four classes in the table which are distinguished by Class I (Cases 1.1{1.7
with UX7 = 2), Class II (Cases 2.1{2.3 with UX4 = 1; UX5 = UX6 = 3 and UX7 = 1),
Class III (Cases 3.1{3.3 with UX4 = UX5 = UX6 = UX7 = 1), Class IV (Cases 4.1{4.6
with UX4 = 3 and UX5 =UX6 =UX7 = 1). If there is a 3-design, The union of all classes
contains a constant number of codewords independent of the choice of A.
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Let (cX )X2Tm be a codeword of the Goethals code Gm and let Ej = fX jcX = jg for
j = 0; 1; 2; 3. Let
2(x1; x2; : : : ; xn) =
X
16j1<j26n
xj1xj2
be the second elementary symmetric polynomial among x1; x2; : : : ; xn.
By using Lemma 2, the equation system in (1) can be transformed into a system of
binary equations over F2m . We can determine the number of solutions of this binary
equation system for each case.
Consider Cases 1.1{1.7 together in Class I: The seven cases in this class are all
with UX7 = 2. For each case, we assume U0; U1; UA as given and will determine the
number of codewords with the corresponding UX4 ; UX5 ; UX6 ; UX7 in Table 1. Since they
are codewords in the Goethals code Gm, we haveX
X2E1[E3
UXX + 2X7 = 0;
2
X
X2E1[E3
X 3 = 0:
Lemma 2 shows that this is equivalent to the following equations over F2m :
x27 +
X
Xj2E3
x2j + 2(1; a; y; x5; x6) = 0; (2)
1 + a+ y + x5 + x6 = 0; (3)
1 + a3 + y3 + x35 + x
3
6 = 0: (4)
Changing the variables by z1 = 1 + a + y; z2 = 1 + a + x5 and z3 = 1 + a + x6 in
Eqs. (3) and (4), we obtain
z1 + z2 + z3 = 0;
z31 + z
3
2 + z
3
3 = a+ a
2:
Eliminating z3 from the second equation by using the rst equation, we have
z21z2 + z
2
2z1 = a+ a
2:
Since x5 6= x6, we have y 6= a+ 1 and z1 6= 0 from Eq. (3). Let z = z2=z1. The above
equation becomes
z2 + z + (a+ a2)=z31 = 0: (5)
By Lemma 3, Eq. (5) has two distinct roots in F2m if and only if
tr

a+ a2
z31

= 0: (6)
408 T. Helleseth et al. / Discrete Mathematics 226 (2001) 403{409
Since y 62 f0; 1; a; a + 1g and z1 = 1 + a + y, we have z1 62 f0; 1; a; a + 1g. Note that
a 62 f0; 1g and therefore a + a2 6= 0. For m odd, if z1 runs through all elements of
F2m nf0; 1; a; a+1g, there are exactly 2m−1−4 of them that satisfy the trace condition in
(6). For each such z1, the two solutions, say  and +1, of Eq. (5) correspond to two
solutions of the set (z2; z3), which are (z1; z1+ z1) and (z1+ z1; z1), and therefore
two solutions of the set (x5; x6). According to Eq. (2), x7 is determined uniquely by
each solution set of (x5; x6). Each of Cases 1.1{1.4 has therefore exactly 2m−1 − 4
codewords by considering the symmetry between x5 and x6. Each of Cases 1.5{1.7
gives exactly (2m−1 − 4)=3 codewords by considering the symmetry among y, x5 and
x6. By computer search when m = 5, we verify that each of Cases 1.1{1.4 gives 12
codewords, each of Cases 1.5{1.7 gives 4 codewords and therefore in total exactly 60
codewords in Class I.
The other classes are analogous (see [7] for details): by computer search, we verify
that there are exactly 18, 3 and 24 codewords in Classes II{IV, respectively, indepen-
dent of the choice of A. It is worth noting, however, that the numbers of codewords
for an individual subcase of one of these classes is not independent of A in general.
Hence, for m = 5, we have veried by computer search that the support of the
codewords of type 14 21 32 0n−7 in the Goethals code Gm over Z4 form a 3-(25; 7; 105)
design. Note that the block size b= 105(323 )=(
7
3 ) = 14880.
Remark. For m= 7, we have veried by computer search that neither the codewords
of type 14 21 32 0n−7 nor the codewords of type 16 21 30 0n−7 in G7 form a 3-design.
However, combining the codewords of both types leads to the following theorem.
Theorem 2. The supports of the union of the codewords of both types 14 21 32 0n−7
and 16 21 30 0n−7 in G7 forms a 3-(27; 7; 560) design.
It will be interesting to nd out more about the t-design properties for codewords
from the Gm code.
4. Conclusions
We have constructed designs with parameters 3-(25; 7; 105), 3-(25; 7; 7) and
3-(27; 7; 560) from codewords of minimum Lee weight in the Goethals code G5 and
G7 over Z4 by computer search. The parameters of these simple 3-designs are new in
the sense that they are not found in Kreher [9], where all known simple t-designs with
t>3 are listed.
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